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Abstract: Reduction formulas are particularly useful when dealing 

with integrals of powers of basic functions like trigonometric func-

tions logarithmic functions, and exponential functions. For example, 

if we have an integral involving a power of a trigonometric function, 

a reduction formula can help express it in terms of integrals involving 

lower powers, making the computation more manageable. Reduction 

formulas can handle integrals involving polynomials of any degree. 

This is significant because direct integration of high-degree polyno-

mials can be complex and time-consuming. By applying reduction 

formulas, we can express the integral of a higher degree polynomial 

as a combination of integrals involving lower degree polynomials or 

simpler functions. Products of Reduction formulas are also applicable 

to integrals involving products of transcendental functions, such as 

the product of a trigonometric function and an exponential function. 

The use of reduction formulas allows breaking down the complex 

integral into simpler components, making it easier to evaluate. The 

versatility of reduction formulas extends to a wide range of mathe-

matical expressions, enabling their application to various types of 

functions and integrals. The 𝐻̅-function mentioned in our context 

seems to represent a generic function with parameters, and reduction 

formulas can be used to obtain specific results by specializing these 

parameters. Reduction formulas provide a systematic approach to 

solving higher order integrals. By expressing integrals in terms of 

lower order integrals, a step-by-step reduction process simplifies the 

computation. In this research paper we discuss Reduction Formulae 

for the Generalized 𝐻̃-function. 
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I. INTRODUCTION 

Higher-order integrals can be expressed in terms of lower-

order integrals using reduction formulas. They start with fun-

damental equations. This procedure makes it easier to compute 

integrals, which can be difficult to evaluate directly. By incor-

porating complicated functions like powers of basic functions, 

polynomials of any degree, and products of transcendental 

functions, you demonstrated how adaptable reduction formu-

lae are to a wide range of mathematical expressions [1]. The 

𝑯̃-function, a parametrizable function with mathematical flex-

ibility, may provide surprising and unexpected results. The 

eight reduction equations developed for the 𝑯̃-function 

demonstrate the complexities of the 𝑯̃-function and the need 

for specific ways to manage its integrals. Mathematical study 

requires the development of reduction formulas and proce-

dures for particular functions since they facilitate theoretical 

understanding and practical problem resolution. A solid un-

derstanding of the fundamentals of complex functions is es-

sential in many scientific and technical fields. Usually, to find 

the reduction equations for a particular function, one must 

employ sophisticated mathematical techniques like recursive 

connections, special functions, or other methods [2]. For spe-

cific reduction equations for the generalized 𝑯̃-function, the 

original research articles, academic literature, or publications 

by mathematicians who have worked on this problem. Numer-

ous fields in applied mathematics, engineering, and mathemat-

ical physics have uses for the robust and flexible 𝑯̃-function. 

This function, which is often updated to accommodate a larger 

range of parameters and inputs, makes assessing its integrals 

challenging due to its complicated nature [3]. To manage the 

difficulties associated with integrals using the generalized 𝑯̃-

function, researchers have developed a number of reduction 

formulae. These reduction equations were developed in re-

sponse to the requirement to simplify the computation of inte-

grals involving the 𝑯̃-function and its derivatives [4]. Straight 

integration of the generalized 𝑯̃-function can be difficult since 

it encompasses a wide range of mathematical expressions.  

This work provides a series of reduction equations to better 

understand and use the generalized 𝑯̃-function. These equa-

tions can be used to recursively simplify integrals with the 𝑯̃-

function. They are founded on fundamental principles and 

equations. The work exposes information on the function's 

mathematical structure by exploring the complexities of the 

𝑯̃-function behavior under various parameterizations. May 

find detailed calculations and descriptions of integral trans-

formations, mathematical analysis, and special functions in 

books or research publications[5].The reduction formula for 

the 𝑯̃-function , also known as the Fox 𝑯̃-function , is a math-

ematical relationship that allows the computation of one 𝑯̃-
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function with parameters (a, b) in terms of another 𝑯̃-function 

with slightly different parameters[6]. The 𝑯̃-function is a gen-

eralization of the hyper geometric function and finds applica-

tions in various branches of mathematics and physics, particu-

larly in problems involving complex integrals, special func-

tions, and solutions to differential equations.  

𝐻̃(𝑎, 𝑏)  =  
1

2𝜋𝑖
∫

 ℾ(a)

 ℾ(b)𝑐
𝑡−𝛼(1 − 𝑡)𝑏−𝛼−1𝑒𝑡  𝑑𝑡           (1) 

The H̃-function is a special function that arises in mathemati-

cal analysis, more precisely in the theory of fractional calcu-

lus. A Mellin-Barnes integral, which is frequently used to de-

fine the 𝑯̃-function, requires a contour integral in the complex 

plane [7]. The H̃-function with parameters (a, b) may be found 

in its general form using a convergent series. The gamma 

function (Γ) and a contour integral along a suitable route in the 

complex plane are often needed for this. The gamma function 

is a widely used mathematical tool that may be used to extend 

the factorial function to complex numbers. The reduction for-

mula for the 𝐻̅-function involves expressing one 𝑯̃-function 

with parameters (a, b) in terms of other 𝑯̃-function with ad-

justed parameters [8]. This can be particularly useful for sim-

plifying complex integrals and solving integral equations in-

volving 𝑯̃-function. The reduction formula generally takes the 

following form 

𝐻̃(𝑎, 𝑏) = combination of   H̃(new a, new b) + other terms.                       
(2) 

Context and particular characteristics determine the shape of 

the reduction formula. Mathematical approaches, the features 

of the integral representation, and the gamma function are 

utilized to generate reduction formulae for 𝐻̅-function [9]. For 

the purpose of manipulating and evaluating -functions, reduc-

tion formulae are essential since they serve to simplify com-

plex integrals and equations into forms that are easier to exam-

ine or solve. When dealing with unique functions in mathe-

matics and its applications, they are a vital resource for practi-

tioners and academics [10]. Applications for the reduction 

formula of the 𝐻̅-function are many in the domains of mathe-

matics, physics, engineering, and other disciplines. A few 

noteworthy uses are as follows: 

1.1 Mathematical Physics: Reduction formulas for the 𝑯̃-

function are commonly used in solving integral equations and 

differential equations arising in mathematical physics. They 

can simplify complex integrals that appear in the context of 

wave equations, heat equations, and other partial differential 

equations. This simplification often leads to analytical solu-

tions or more tractable forms of equations. Reduction formu-

lae for the 𝑯̃-function are essential tools in mathematical 

physics that are used to solve differential and integral prob-

lems [11].In mathematical physics, integral equations and 

PDEs sometimes include complex mathematical statements 

that are difficult to solve analytically. The 𝑯̃-function reduc-

tion formulae offer a methodical way to decompose these in-

tricate integrals into smaller, easier-to-manage parts. These 

reduction formulae achieve this by converting the original 

issue into a format that can be solved analytically, which 

makes it easier to derive solutions. 

1.2 Probability and Statistics: 𝑯̃-function appears in various 

contexts in probability theory and statistics, such as in the 

computation of probability density functions and cumulative 

distribution functions for certain probability distributions. Re-

duction formulas can help simplify expressions involving 

these functions, making statistical calculations more managea-

ble [12]. The 𝑯̃-function often occurs when the probability 

distribution has complicated expressions or when many distri-

butions are convoluted. In these cases, reduction equations for 

the 𝑯̃-function are quite useful. These equations provide a 

systematic way to simplify the expressions required for calcu-

lating PDFs and CDFs, facilitating the analysis of the underly-

ing probabilistic models. Reduction formulas can be especially 

handy for intricate operations like convolutions and products 

that include probability distributions. By using reduction equa-

tions to break down these processes into smaller parts, statisti-

cians and probability may quickly handle complex expressions 

and provide analytical results for a variety of statistical 

measures. 

1.3 Quantum Mechanics: In quantum mechanics, the 𝑯̃-

function can appear when dealing with wave functions, energy 

eigen values, and scattering problems. Reduction formulas can 

help simplify integrals that arise in quantum mechanical calcu-

lations, aiding in the determination of physical quantities and 

solutions to Schrödinger's equation [13].When dealing with 

complex mathematical expressions, convolutions, and proba-

bility distributions, the 𝑯̃-function is an essential tool in prob-

ability theory and statistics. Reduction equations for the 𝑯̃-

function become essential when computing probability density 

functions (PDFs), cumulative distribution functions (PDFFs), 

or the convolution of many distributions. Reduction formulae 

are most useful when they can be used to systematically re-

duce the formulations needed to compute PDFs and CDFs. 

Reduction equations give statisticians and probability an orga-

nized way to handle convolutions and products using probabil-

ity distributions, which enables them to deconstruct compli-

cated processes into smaller parts [14]. Consequently, this 

makes it easier to analyze the underlying probabilistic models 

in a more effective and efficient manner. 

1.4 Electromagnetic:  The complex mathematical formulas 

describing electromagnetic interactions lead to the participa-

tion of 𝑯̃-function in these integrals. Reduction formulae are 

essential tools for solving the problems these intricate inte-

grals provide. Convolutions, products, and other complex pro-

cesses that can be difficult to handle directly are frequently 
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involved in electromagnetic difficulties [15]. Researchers 

studying electromagnetic may systematically reduce these 

integrals by using reduction formulae for 𝑯̃-function, which 

offers a more manageable path to answers. 

1.5 Engineering and Signal Processing: The 𝑯̃-function is a 

useful mathematical tool in engineering, especially in signal 

processing, control theory, and communication systems. In 

systems analysis and design, it is frequently used in conjunc-

tion with signal processing, filtering procedures, and dynamic 

processes [16].  For tackling the mathematical difficulties in-

volved in complex system dynamics, filter design, and signal 

analysis, reduction formulae for the 𝑯̃-function are indispen-

sable. Simplifying complex integrals and expressions that 

emerge during the modeling and analysis of engineering sys-

tems is made easier with the help of these reduction formulae. 

𝑯̃-function has applications in various engineering fields, such 

as control theory, signal processing, and communication sys-

tems. Reduction formulas can be useful for solving problems 

related to system dynamics, filter design, and signal analysis 

[17]. Reduction formulas are especially useful when determin-

ing the electromagnetic fields surrounding intricate structures, 

analyzing antenna radiation patterns, and comprehending scat-

tering issues where electromagnetic waves interact with ob-

jects. In these situations, using reduction formulas facilitates 

the decomposition of the intricate mathematical expressions 

used in the computations, enabling more effective and percep-

tive analyses [18]. The reduced expressions produced by re-

duction formulas aid in the comprehension of the underlying 

electromagnetic phenomena. Through its use, researchers may 

get valuable insights about the properties of radiated waves, 

the dispersion of electromagnetic fields, and the interactions 

between electromagnetic waves and different materials [19].  

In control theory, the 𝑯̃-function is useful for examining trans-

fer functions, linear time-invariant systems, and the responses 

of systems to different inputs. These assertions may be made 

simpler with the use of reduction equations, which facilitates 

control system design and analysis.  Reduction equations are 

helpful in signal processing to address problems related to 

spectrum analysis, convolution, and filtering. They provide 

efficient computation of filter responses, convolution inte-

grals, and other signal processing operations [20]. In commu-

nication systems, the 𝑯̃-function may be used to examine 

channel characteristics, modulation techniques, and signal 

propagation. Reduction formulas make it easier to handle 

complex mathematical expressions, which enhances compre-

hension and communication system design. 

1.6 Fluid Dynamics: Reduction formulas can help simplify 

integrals involving 𝑯̃-function that appear in the analysis of 

fluid flow and heat conduction. The 𝑯̃-function may come up 

in a discussion of viscous flow. Reduction equations can be 

used to simplify integrals related to the velocity and pressure 

fields in viscous flow scenarios. This simplification is neces-

sary to get analytical results and comprehend the dynamics of 

the flow [21].   In the context of conduction, convection, or 

radiation, the 𝑯̃-function may be seen in the solutions to heat 

conduction problems. Reduction formulas are helpful re-

sources that make it easier to investigate heat transport mech-

anisms effectively by making integrals pertaining to tempera-

ture distributions simpler [22].  The 𝑯̃-function is often used 

in fluid dynamics to solve boundary value problems, especial-

ly when viscosity and thermal conductivity are taken into con-

sideration. The use of reduction formulas is crucial when han-

dling mathematical issues. 

1.7 Finance and Economics: The 𝑯̃-function can also be 

found in financial mathematics and economics, where it is 

used in option pricing models, risk assessment, and modeling 

stochastic processes. Reduction formulas can aid in evaluating 

complex financial derivatives and risk measures [23].The 𝑯̃-

function is a versatile mathematical tool that may be used to 

assess risk and characterize various financial processes. Re-

duction equations are used to handle complex computations 

related to stochastic process modeling, risk management, and 

option pricing. One helpful tool that may be applied to option 

pricing models is the 𝑯̃-function. It is present in the partial 

differential equation solutions that represent the dynamics of 

financial derivatives [14]. Stochastic processes are often used 

in financial modeling to capture the ambiguity and unpredict-

ability inherent in financial markets. The 𝑯̃-function may be 

involved in stochastic differential equations (SDEs). These 

answers are made simpler by reduction equations, which make 

it easier to comprehend the dynamics of financial markets. 

1.8 Special Function Identities: Reduction formulas contribute 

to the collection of special function identities and relation-

ships, which are essential tools for mathematicians and re-

searchers working with various types of special functions 

[18].Overall, the reduction formula of the 𝑯̃-function serves as 

a versatile tool for simplifying and solving problems in vari-

ous fields, where complex integrals or equations involving the 

𝑯̃-function need to be handled analytically. Its applications 

extend to both theoretical investigations and practical compu-

tations, making it an important mathematical concept in di-

verse scientific disciplines [27]. Reduction formulas provide 

mathematicians with powerful tools for theoretical inquiry, 

contributing significantly to the collection of special function 

identities. These formulas improve mathematical theory by 

aiding in the understanding of the many linkages and features 

found in special functions. 

II. REDUCTION FORMULAE FOR THE 𝐻- FUNCTION FORMULA: 

This function will be defined and represented in the following 

manner have been given by Buschman and Srivastava  
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H̃𝑃,𝑄
𝑀,𝑁[𝑧] = H̃𝑃,𝑄

𝑀,𝑁 [

 
𝑧
 
|
(𝑎𝑗 , 𝛼𝑗 ; 𝐴𝑗)  1,𝑁

 , (𝑎𝑗 , 𝛼𝑗)  𝑁+1,𝑃
 

 
(𝑏𝑗 , 𝛽𝑗)  1,𝑀

 , (𝑏𝑗 , 𝛽𝑗 ; 𝐵𝑗)  𝑀+1,𝑄
 

 

]  

=
1

2πi

𝑖∞                

∫ 𝜙̅(𝜉)𝑧𝜉  𝑑𝜉,

−𝑖∞                     

                                 (3) 

 Where 

𝜙̅(𝜉)

=  

M                          
∏   Γ (b j − β jξ)

j = 1                         

N
∏  

j = 1
 {Γ(1 − a j + α j ξ)}

Aj

Q 
∏  

j = M + 1
{Γ (b j − β jξ)}

B j  
P
∏  

j = N + 1
 Γ(a j − α jξ)

        (4) 

This contains fractional powers of some of the gamma func-

tion. Here, and throughout the paper aj (j = I,..., P) and bj  (j = 

I ,..., Q) are complex numbers, 𝛼𝑗  ≥ 0 (𝑗 = 1,… , 𝑃), 𝛽𝑗  ≥

0 (𝑗 = 1,… , 𝑄)(not all zero simultaneously) and the exponents 

Aj (j = 1,...,N) and Bj (j = M +1,...,Q) can take on non- integer 

values which we assume to be positive for standardization 

purposes. The contour in (3) is imaginary axis Re (𝜉) =0. Evi-

dently, when the exponents  

Aj ( j = 1,..., N) and Bj (j = M+1,...,Q) are all equal to unity, 

the 𝑯̃-function reduces to the well-known Fox’s H – function. 

We have 

𝐻̃𝑃,𝑄
𝑀,𝑁 [

 
𝑧
 
|
(𝑎𝑗 , 𝛼𝑗 ; 𝐴𝑗)  1,𝑁

 , (𝑎𝑗 , 𝛼𝑗)  𝑁+1,𝑃
 

 
(𝑏𝑗 , 𝛽𝑗)  1,𝑀

 , (𝑏𝑗 , 𝛽𝑗 ; 𝐵𝑗)  𝑀+1,𝑄
 

 

]

= 𝐻𝑃,𝑄
𝑀,𝑁 [

 
𝑧
 
|
(𝑎𝑗 , 𝛼𝑗)  1,𝑃

 

 
(𝑏𝑗 , 𝛽𝑗)  1,𝑄

 

 

] 

Where the function on the R.H.S. is Fox H- function 

  The following sufficient conditions for the absolute conver-

gence of the defining integral for 𝑯̃-function given by Eq. (3) 

have been given by Buschman and Srivastava  

𝛺 =

𝑀        

∑𝛽𝑗 +

𝑗 = 1     

𝑁             

∑𝐴𝑗𝛼𝑗 −

𝑗 = 1       

𝑄             

∑𝐵𝑗𝛽𝑗 −

𝑗 = 𝑀 + 1     

𝑃              

∑   𝛼𝑗 > 0

𝑗 = 𝑁 + 1    

          (5) 

And  |𝑎𝑟𝑔(𝑧)| < 1

2
𝜋𝛺,                                                                (6) 

Where 𝝮 is given by (5). 

The following behaviour of the 𝑯̃-function for small and large 

values of z as recorded by Saxena and Gupta will be required 

in the sequel. 

 

𝐻̅𝑃,𝑄
𝑀,𝑁[𝑧] = 𝑂(|𝑧|𝑔)      for small z ,Where g = 

𝑚𝑖𝑛
1 ≤ 𝑗 ≤ 𝑀

[𝑅𝑒(𝑏 𝑗/𝛽 𝑗)]    and      𝐻̅𝑃,𝑄
𝑀,𝑞[𝑧] = 𝑂(|𝑧|ℎ)   for 

large z,  

Where h = 
𝑚𝑎𝑥

1 ≤ 𝑗 ≤ 𝑁  Re[𝐴𝑗{(𝑎𝑗 − 1)/𝛼𝑗}]     and the condi-

tions given by (5) and (6) are also satisfied. 

The function [z] occurring in the paper stands for the well-

known Fox H-function, defined and represented in the follow-

ing manner  

𝐻[𝑧] = 𝐻𝑝,𝑞
𝑚,𝑛

[
 
 
  
𝑥
 
|

(𝑐𝑗 , 𝑦𝑗)  1,𝑞
 

 
 

(𝑑𝑗 , 𝛿𝑗)  1,𝑞
 

 ]
 
 
 

=
1

2𝜋𝑖
∫𝜃(𝑠)𝑧𝑠𝑑𝑠                  (6)

 

𝐿

 

Where 𝑖 = √−1 , and 𝜃(𝑠) =
𝑚                        
∏𝛤(𝑑𝑗−𝛿𝑗𝑠  

𝑗=1                 
 

𝑛                               
∏𝛤(1−𝑐 𝑗+𝑦 𝑗𝑠)

𝑗=1                           
𝑞                                     

∏𝛤(1−𝑑 𝑗+𝛿𝑗𝑠)      

𝑗=𝑚+1                            

𝑝                       
∏   𝛤(𝑐𝑗−𝑦𝑗𝑠)

𝑗=𝑛+1                

                                                      (7) 

The nature of contour L, the conditions of convergence of 

integral (6)  

 

FORMULA I: 

 

H̃  p+r,q+2r
m+2r,n

 

[
 
 
 
 

   

 
 

Z  
 
 

|

 1(aj, Aj; α j) n,  n+1(a j, Aj) p,  1(di , Di) r
 
 
 

 1(di + 1, Di) r,  1(kidi, kiDi) r,  1(b j, Bj) m,  m+1(bj, Bj; βj) q]
 
 
 
 

 

 

= ( ∏  

𝑟

𝑖=1

𝑘𝑖)     
−1 H̃ 𝑝,𝑞+𝑟

𝑚+𝑟,𝑛    

[
 
 
 
 

 

 
𝑍
 
|

 1(𝑎 𝑗 , 𝐴 𝑗; 𝛼 𝑗) 𝑛,  𝑛+1(𝑎𝑗 , 𝐴 𝑗) 𝑝
 
 
 

 1(𝑘𝑖𝑑𝑖 + 1, 𝑘𝑖𝐷 𝑖) 𝑟 ,  1(𝑏 𝑗 , 𝐵 𝑗) 𝑚,  𝑚+1(𝑏 𝑗 , 𝐵 𝑗; 𝛽𝑗) 𝑞]
 
 
 
 

                           

(8) 

There is a proof for equation (8), and it is comparable to the 

proof for equation (8). Here is a broad summary.𝑘𝑖>0 for i=1, 

2, 3… r this condition specifies that each 𝑘𝑖is greater than zero 

for the given indices i. 

Proof:  To illustrate (8) using an equation 
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LHS     =       
1

2𝜋𝑖
∫  

∏ 𝛤(𝑑 𝑖+1−𝐷𝑖𝑠 )∏ 𝛤(𝑘𝑖𝑑𝑖−𝑘𝑖𝐷𝑖𝑠 )
𝑟
𝑖=1

𝑟
𝑖=1

∏ 𝛤 (𝑑𝑖−𝐷𝑖𝑠 )
𝑟
𝑖=1

   𝜃(𝑠)
 

𝐿
 zs 

ds 

 

                   =   ∏ (di − Dis ) 
1

2πi
∏Γ

r

i=1

(kidi

r

i=1

− kiDis )θ(s)z ds 
s  

 

 

=  
1

2πi
∏ 

r

i=1

1

ki

(kidi

− kiDis) ∏Γ(kidi

r

i=1

− kiDis)θ(s)z .sds 

 

 

                 

=  
1

2πi
 ∏(ki)   

−1
Γ(ktdi + 1 − kiDis )

∏ Γ(ktdi + 1 − kiDis )
r
i=1 

   ∏  (kidi − kiDis )θ(s)zsds

r

i=1

 

 

 r

i=1

 

 

=

     
1

2πi
 ∏ (ki)   

∏ Γ(ktdi+1−kiDis )
r
i=1

∏ Γ(kidi−kiDis )
r
i=1 

 ∏ Γ(kidi − kiDis )
r
i=1 

−1r
i=1 θ(s)zsd

s 

                                          

= (∏ki)   
1

2πi 
−1

r

i=1

∫Γ(kidi + 1 − kiDis )θ(s)zsds        

 

L

 

  
                                                         

= (∏ ki

r

i=1

)   H̃   

[
 
 
 
 

 

 
Z
 
|

 1(aj, Aj; αj) n,  n+1(aj, Aj)  p
 

 
 
 

 1(kidi + 1, kiDi)  r
  1

 (bjBj)  m
 ,  m+1

 (bj, Bj; βj)  q
 
]
 
 
 
 

p,q+r
m+r,n

 
−1  

Substitute 𝛼 𝑗 = 1, for j = 1,2,………,n and 𝛽 𝑗 =1, for j = 

m+1,……,q in (8) substitute gets the formula for reducing the 

Fox H-function as: 

 

H̃p+r,q+2r 
m+2r,n

[
 
 
 

 

 
 

Z  
 

|

 1(aj, Aj)  p
 ,  1

 (di , Di)  r
 

 
 

 1(di + 1,Di)  r
 ,  1

 (kidi, kiDi
 )  r

 ,  1
 (bj, Bj)  q

 ]
 
 
 

= (∏ki

r

i=1

)   H̃p,q+r
m+r,n  

[
 
 
 

 

 
Z  
 
|

 1(aj, Aj)  p
 

 
 

 1(kidi + 1, kiDi)  r
 ,  1

 (bj, Bj)  q
 
]
 
 
 

 
−1     

(9) 

    

Special cases: 

Specializing the parameters in equation (8) and r = 1, in equa-

tion (10) simplifies to 

 

√π

2
sinø ∑

(cosø − 1)r

r! (n − r)! 2r

n

r=0

 H̃p+1,q+1
k+1,l

[
 
 
 
 
 

z

sin2ø
|

 1(aj, Aj; αj) (aj, Aj) (
3

2
+ r, 1)

p

 

l,l+1 

 

 
 
 

(2 + n + r, 2), (bj, Bj) , (bj, Bj; βj)  q
 

k+1

 

k
 

1

 

 

]
 
 
 
 
 

 

= ∑
(n+r)!

n!r!

∞
𝒓=𝟎  sin(n + 2r +

1)ØH̃p+2,q+2
k+1,l+1 [

 
Z
 
|
(1 − r, 1; 1), (aj, Aj; αj)  l

 ,
1

 

 
(2 + n, 2), (bj, Bj)  ,k

 
1
 

(𝑎𝑗 , 𝐴𝑗) , (2 + 𝑛 + 𝑟, 1)𝑝
 

𝑙+1
 

 
 
 

(𝑏𝑗 ,𝐵𝑗 ; 𝛽𝑗)  𝑞
 ),𝑘+1

 ]
 
 
 
 

                        

(10) 

    

H̅p+1,q+2 
m+2,n 

[
 
 
 
 

 

 1(aj, Aj; αj)  n
 ,  n+1

 (aj, Aj)  p
 , (d , D)

 
 
 

(d + 1, D)  ,
. (kd, kD),  1

 (bj, Bj)  m
   ,m+1

 (bj, Bj; βj)  q
 ]
 
 
 
 

 

=  k−1 H̃  p,q+1
m+1,n

 

[
 
 
 

  

 
Z  
 
|

 1(aj, Aj; αj)  n
 ,  n+1

 (aj, Aj)  p
 

 
 

(kd + 1, kD),  1(bj, Bj)  m
 ,  m+1

 (bj, Bj; βj)  q
 ]
 
 
 

                                            

(11) 

                                                     

There is a proof for equation (11) result given by Devra, and it 

is comparable to the proof for equation (10) result given by 

Cook. Here is a broad summary.𝑘𝑖>0 for i=1, 2, 3… r this 

condition specifies that each 𝑘𝑖is greater than zero for the giv-

en indices i. 

FORMULA II: 

H̃p+2r,q+r
m+r,n+r

  

[
 
 
  
Z
 
|

 1(1 + kici, kiCi; 1)  r
 ,  1

 (aj, Aj; αj)  n
 ,  n+1

 (aj, Aj)  p
 ,  1

 (ci, Ci)  r
 

 
 

 1(ci + 1, Ci)  r
 ,  1

 (bj, Bj)  m
 ,  m+1

 (bj, Bj; βj)  q
 

]
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= [∏(−1)   
−1 ki]

r

i=1

H̅p+r,q
m,n+r

 
−1 

[
 
 
  
Z
 
 |

 1(kici, kiCi1)  r
 ,  1

 (aj, Aj; αj)  n
 ,  n+1

 (aj, Aj)  p
 

 
 

 1(bj, Bj)  1
 ,  m+1

 (bj, Bj; βj)  q
 ]

 
 
 

                                   

(12) 

            

Equation (12) with k>0 this equation, when k>0, Equation 

(12) with r=1.   

Special cases: 

 A reduction formula for the 𝐻̅-function of Fox by set-

ting 𝑎𝑗=1,  for j=1,2,………..,n and 𝛽𝑗=1, for j=m+1,…….,q  

in Equation (12)  , we can proceed as follows:  

H̃p+2r,q+r
m+r,n+r

 

[
 
 
  
𝑍 
 
|

 1(1 + 𝑘𝑖𝑐𝑖 , 𝑘𝑖𝐶𝑖)  𝑟
 ,  1

 (𝑎𝑗 , 𝐴𝑗)  𝑃
 ,  1

 (𝑐𝑖 , 𝐶𝑖)  𝑟
 

 
 

 1(𝑐𝑖 + 1, 𝐶𝑖)  𝑟
 ,  1

 (𝑏𝑗 , 𝐵𝑗)  𝑞
 ]

 
 
 
 =  

[∏(−1)   
𝑖 𝑘𝑖]

𝑟

𝑖+1

 H̅𝑝+𝑟,𝑞
𝑚,𝑛+𝑟

 
−1

[
 
 
  
𝑍     

 
|

 1(𝑘𝑖𝑐𝑖 , 𝑘𝑖𝐶𝑖)  𝑟
 ,  1

 (𝑎𝑗 , 𝐴𝑗)  𝑝
 

 
 

 1(𝑏𝑗 , 𝐵𝑗)  𝑞
 ]

 
 
 

                                                                        

(13) 

        

Specializing the parameters in equation (12) and r = 1, in 

equation (9) simplifies to 

 

H̃p+2,q+1
 m+1,n+1 [

 
 Z
 
  |

1 + kc, kC; 1),  1(aj, Aj; αj)  n,
  n+1(aj, Aj)  p

 (c, C)
 
 

(c + 1, C),  1(bj, Bj)  m
 ,  m+1

 (bj, Bj; βj)  q
 

] 

=    

(−𝑘 ) H̅p+1,q
m,n+1

 
−1   

[
 
 
 

 

 
Z   
 
|

(kc, kC; 1),  1(aj, Aj; αj)  n
 ,  n+1

 (aj, Aj)  p
 

 
 

 1(bj, Bj)  m
 ,  m+1

 (bj, Bj; βj)  q
 

]
 
 
 

         

(14)                                                  

There is a proof for equation (14) result given by Devra, and it 

is comparable to the proof for equation (8) result given by 

Cook. Here is a broad summary.𝑘𝑖>0 for i=1, 2, 3… r this 

condition specifies that each 𝑘𝑖is greater than zero for the giv-

en indices i. 

III. APPLICATION OF 𝐻-FUNCTION  

Reduction formulae for the generalized hyper geometric func-

tion are used in many different areas of mathematics and sci-

ence. These are a few typical uses-  

3.1 Evaluation of Integrals: Reduction formulae are common-

ly used in the evaluation of integrals when utilizing hyper ge-

ometric functions. Complex integrals can be represented in 

terms of simpler hyper geometric functions using reduction 

equations, which facilitate integration [15]. 

3.2 Summation of Series: In the context of infinite series, hy-

per geometric series are commonly seen. Reduction equations 

allow one hyper geometric series to be transformed into an-

other, which can make the original series easier to understand 

and more manageable. 

3.3 Particular Functions and Identities: Specific Functions 

and Identities: Hyper geometric functions are fundamental 

special functions that arise in the resolution of many differen-

tial equations and mathematical difficulties. By helping to 

create connections between different hyper geometric func-

tions, reduction formulas disclose identities and interconnec-

tions. 

3.4 Summation of Series: In the context of infinite series, hy-

per geometric series are commonly seen. Reduction equations 

allow one hyper geometric series to be transformed into an-

other, which can make the original series easier to understand 

and more manageable. 

3.5 Particular Functions and Identities: Specific Functions 

and Identities: Hyper geometric functions are fundamental 

special functions that arise in the resolution of many differen-

tial equations and mathematical difficulties [4]. By helping to 

create connections between different hyper geometric func-

tions, reduction formulas disclose identities and interconnec-

tions. 

3.6 Sequence Summation: Hyper geometric series are fre-

quently seen in the setting of infinite series. It is possible to 

convert one hyper geometric series into another using reduc-

tion equation, which can help the original series, become more 

manageable and simpler to grasp. 

3.7 Specific functions and identities: Functions and identities 

that are specific Fundamental special functions known as hy-

per geometric functions are encountered when solving a varie-

ty of differential equations and mathematical challenges. Re-

duction formulas reveal identities and relationships by inter-

connecting several hyper geometric functions, 

3.8 Important Unique Features and Roles: Hyper geometric 

functions are fundamental special functions that may be used 

to solve a variety of differential equations and mathematical 

problems [5]. The discovery and disclosure of identities and 
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connections among different hyper geometric functions are 

made easier by reduction equations. 

3.9 Physical Applications: Hyper geometric functions may be 

found in a wide range of scientific fields, including quantum 

physics, electromagnetic theory, and statistical mechanics. 

Reduction equations are used to express solutions in terms of 

known functions and simplify them. 

3.10 Number Theory: Reduction equations are occasionally 

used in the investigation of anomalous hyper geometric func-

tion values, which can have applications in number theory. 

These connections are often studied in the context of modular 

forms and elliptic functions. 

3.11 Neural Networks and Deep Learning: Neural networks in 

particular are AI models that mainly depend on optimization. 

Improved performance in high-dimensional environments and 

faster convergence of training methods are made possible by 

the 𝑯̃-function capacity to simplify complex loss functions. 

3.12 Reinforcement Learning: Reinforcement learning models 

in robotics and autonomous systems rely on addressing sto-
chastic processes, which frequently call for integration across 

complicated functions. Value functions and optimal policies 

can be efficiently computed with the aid of reduction equa-

tions for generalized functions. 

3.13 Surgical Robots: Reduction formulas are used to simplify 

the mathematical models that control motion, precision, and 

stability in robotics. For instance, intricate control systems are 

needed for robotically assisted surgeries in order to maneuver 

through sensitive settings like human tissue, where even minor 

mistakes can have serious repercussions. The algorithms con-

trolling these robots make use of the H̃-function to guarantee 

precise and secure operations. 

3.14 Wearable AI for Rehabilitation: Artificial intelligence 

systems that anticipate and adjust to user demands can be use-

ful in robotic prosthetics and rehabilitation equipment. Reduc-

tion formulas can help with real-time support and movement 

optimization, making sure these devices give the support that's 

required. 

IV.CONCLUSION 

Reduction formulas are mathematical identities used to reduce 

a complicated expression into a simpler form. They are partic-

ularly helpful when dealing with integrals, trigonometric func-

tions, and other complex mathematical operations. By using 

these formulas, we can transform a problem into a more man-

ageable form, making it easier to solve.These formulas are just 

a starting point, and there are many more reduction formulas 

used in various mathematical contexts. They play a crucial 

role in simplifying problems and are valuable tools for math-

ematicians, physicists, and engineers in solving complex equa-

tions and integrals. When working with reduction formulas, 

it's important to remember the basic principles of integration 

and differentiation. The broad importance and relevance of 

reduction formulae in mathematics. It stresses their usefulness 

in reducing difficult statements and making problem-solving 

easier, particularly in the context of integrals, trigonometric 

functions, and other mathematical procedures. It rightly em-

phasizes that reduction formulae are not restricted to a single 

area but may be found in a variety of mathematical situations. 

Reduction formulae for the generalized hyper geometric func-

tion are crucial tools in the field of mathematical analysis. We 

obtain the capacity to explore vast mathematical landscapes by 

using these formulae, which convert convoluted statements 

into more understandable ones. This not only simplifies the 

solving of difficult problems, but also reveals linkages be-

tween various hyper geometric functions.   a profound mathe-

matical beauty that spreads its effect across multiple areas, 

from integral calculus to differential equations and beyond. 

V. FUTURE SCOPE 

The future scope of generalized hyper geometric function re-

duction formulae offers promise for numerous fields of math-

ematical research and application. Here are some potential 

future research directions: 

 Computational Advances: As computational mathematics 

and symbolic computation tools progress, new reduction 

formulae may be discovered. High-performance compu-

ting and symbolic manipulation methods can help in the 

discovery of complicated mathematical connections. 

 Applications of Special Functions in Applied Mathemat-

ics: As the use of special functions, including hyper geo-

metric functions, expands in various branches of applied 

mathematics, the development of reduction formulas can 

provide efficient solutions to problems in fields such as 

physics, engineering, and computer science. 

 Connections to Number Theory: Exploring linkages be-

tween hyper geometric functions and number theory may 

lead to the discovery of novel reduction formulae. Num-

ber theorists may discover fascinating correlations that 

give light on the features of special functions. 

 Representation Theory: The study of hyper geometric 

functions in the context of representation theory and alge-

braic structures may reveal deeper linkages and give in-

sights into the nature of reduction formulae. 

 Generalizations and Extensions: Generalizations and Ex-

tensions: Mathematicians may investigate generalizations 

or extensions of the hyper geometric function that lead to 

new reduction formulae. This might include adding new 

parameters, exploring more complex series, or investigat-

ing hyper geometric functions in various mathematical 

spaces. 
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 Educational Tools: As our understanding of reduction 

formulae grows, there is potential for the development of 

educational tools and resources to aid in the teaching and 

learning of complex mathematical topics. These tools may 

be especially useful for new students and researchers join-

ing the subject. 
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