
Intl J Engg. Sci Adv Research 2018 December; 4 (4):19-38                                              ISSN NO: 2395-0730 
 Five Series Equations involving Heat 

Polynomials of second kind 
Indu Shukla 

Research scholar, Department of Physical Sciences, 
M.G.C.G.V., Chitrakoot, Satna, M.P. 

indu.shukla04@gmail.com 
 

Abstract -In this paper, it is shown that five series equations involving heat polynomials of second kind can be solved by 
reducing them to simultaneous Fredholm integral equations of second kind .These equations are not considered earlier by 
[3],[4]. 
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Dual,triple and quadruple series equations play an important role in finding the solution of mixed boundary value 
problems of elasticity, electrostatics and other fields of mathematical physics.Dual and triple equations involving 
orthogonal polynomials have been considered by many authors [1,3,4,5]. Cooke [2] devised a method for finding the 
solution of quadruple series equations involving Fourier- Bessel series and obtained the solution using operator 
theory. In this paper, we have considered five series equations involving heat polynomials which are extensions of 
dual, triple and quadruple series equations considered by authors[1,3,4,5]. 

II. FIVE SERIES EQUATIONS  
We consider here the following sets of the five series equations of second kind: 
Five series equations of the second kind are as follows: 

෍ ௡ܤ௡݈௡ିݐ
ቀࣇ + ݊ + 12 + ቁߩ

ஶ

௡ୀ଴
௡ܲାఘ,௩(ݔ, (ݐ− = 

ቐ
݃ଵ(ݔ, ≥ 0,      (ݐ ݔ < ܽ
݃ଷ(ݔ, ,    (ݐ ܾ < ݔ < ܿ
݃ହ(ݔ, ,    (ݐ ݀ < ݔ < ∞

 (1) 
 

෍ ௡ܤ
ቀߤ + ݊ + 12 + ቁߩ

ஶ

௡ୀ଴
௡ܲାఘ,ఙ(ݔ,  (ݐ

= ൜ ݃ଶ(ݔ, ,    (ݐ ܽ < ݔ < ܾ
݃ସ(ݔ, ,    (ݐ ܿ < ݔ < ݀    (2) 

Where݃௜(ݔ, .are unknown functions for (i=1,2,3,4,5)(ݐ ௡ܲ,ݔ)ࣇ,  ௡to beܤ isa heat polynomial andCoefficients(ݐ−
determined. 

II. PRELIMINARY  RESULTS 
 

In the course of analysis, we shall use the following results 
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(i)The orthogonallyrelation for the heat  
polynomials 
׬                                     ௠ܹ,ݔ)ࣇ, (ݐ ௡ܲ,ࣇஶ

଴ ,ݔ) (࢞)ࢹ݀(ݐ− = ࢔࢓ࢾ
࢔ࡷ          (3) 

whereߜ௠௡ is the Kronecker delta, 
dΩ (x)  =  2ଵଶି߁] ࣇ ൬߭ + 1

2൰]ିଵݔଶజ݀ݔ             (૝) 

                                                   and ,ܭ௡ = Гቂజାభ
మቃ

ଶర೙௡!Гቂజାభ
మା௡ቃ(5) 

   (ii) The series , 

,ݔ)ܵ                                           ,ߦ (ݐ = 2భ
మିఙ ∑ ቀ೗

೟ቁ೙Гቀఓାభ
మା௡ାఘቁ௉೙శഐ,ഔ(௫,ି௧)ௐ೙శഐ,഑(క,௧)

ଶర(೙శഐ)(௡ାఘ)! ௰ቀఙାభ
మା௡ାఘቁГቀజାభ

మା௡ାఘቁ
ஶ௡ୀ଴ (6) 

,ݔ)ܵ ,ߦ (ݐ = ଵିଶఙ݁ିకమߦଵିଶజݔ
ସ௧

߭)Г݉߁ − + ߪ ݉) ܽ௡∗ 

න ଶߦ)(ݕ)ߟ − ଶݔ)ଶ)௠ିଵݕ − ݕଶ)జିఙା௠ିଵ݀ݕ
ఠ

଴
 

Where, 
 

ܽ௡∗ = ݈௡ିݐ(௠ା௡)2ଶ(ଵି௠)߁ ቀߤ + 12 + ݊ + ቁߩ
߁ ቀߪ − ݉ + 12 + ݊ + ቁߩ , 

(߭ − ߪ + ݉ > 0)(8) 
(ݕ)ߟ  =  ଶ(ఙି௠)݁௬మ/ସ௧(9)ݕ 
and,     ߱ = min(ߦ,  (ݔ
(iii)Ifh(y) is strictly monotonically increasing and differentiable function in (a,b) and h(y) ≠0 in this interval, then 
the solutions to the Abel integral equations. 
(ݔ)݂ = ׬ ః(௬)

{௛(௫)ି௛(௬)}ഀ ௫ݕ݀
௔ , 0 < ߙ < 1                (10) 

and 
(ݔ)݂ = ׬ ః(௬)

{௛(௬)ି௛(௫)}ഀ ௕ݕ݀
௫ , 0 < ߙ < 1                (11) 

are given by , 

(ݕ)ߔ = sin(ߨߙ) 
ߨ

݀
ݕ݀ න ℎᇱ(ݔ)(ݔ)ܨ

{ℎ(ݕ) − ℎ(ݔ)}ଵିఈ ௬ݔ݀
௔

 
(12) 
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and 

(ݕ)ߔ =  − sin(ߨߙ) 
ߨ

݀
ݕ݀ න ℎᇱ(ݔ)(ݔ)ܨ

{ℎ(ݔ) − ℎ(ݕ)}ଵିఈ ௕ (૚૜)       ݔ݀
௬

 

respectively. 
II. THE SOLUTION OF FIVE SERIES EQUATIONS OF THE SECOND KIND 

 
Let us assume that , 

෍ ௡ܤ ௡ܲାఘ,ఙ(ݔ, (ݐ−
߁ ቀߤ + 12 + ݊ +  ቁ     ୀߩ

ஶ

௡ୀ଴
ቐ

,ݔ) ଵߖ 0        , (ݐ < ݔ < ܽ
,ݔ) ଶߖ ܾ        , (ݐ < ݔ < ܿ
,ݔ) ଷߖ ݀        , (ݐ < ݔ < ∞

  

                                                                           (14) 
where ߖଵ (ݔ, ,ݔ) ଶߖ ݀݊ܽ(ݐ  .are unknown functions (ݐ
Using  orthogonally  relation(3), we get ܤ௡ from equations(1),(2) 
௡ܤ    =
௰ቀఙାభ

మቁ௰ቀఓାభ
మା௡ାఘቁ

ଶర(೙శഐ)(௡ାఘ)! ቄ׬ ,ݔ) ଵߖ (ݐ + ׬ ݃ଶ௕
௔ ,ݔ) (ݐ + ׬ ଶ௖ߖ

௕ ,ݔ) (ݐ + ׬ ݃ସௗ
௖

௔
଴ ,ݔ) (ݐ + ׬ ,ݔ) ଷߖ ஶ(ݐ

ௗ ቅ ௡ܹାఘ,ఙ(ݔ,  (15)(ݔ) ߗ݀(ݐ
Now substituting the value of ܤ௡ from (15) in equation (2), we get, 

න  ଵߖ
௔

଴
,ߦ) ,ݔ)ܵ(ݐ ,ߦ (ߦ)ߗ݀(ݐ + න ݃ଶ

௕

௔
,ߦ) ,ݔ)ܵ(ݐ ,ߦ (ߦ)ߗ݀(ݐ + න  ଶߖ

௖

௕
,ߦ) ,ݔ)ܵ(ݐ ,ߦ (ߦ)ߗ݀(ݐ + න ݃ସ

ௗ

௖
,ߦ) ,ݔ)ܵ(ݐ ,ߦ (ߦ)ߗ݀(ݐ  

+ න  ଷߖ
ஶ

ௗ
,ߦ) ,ݔ)ܵ(ݐ ,ߦ    (ߦ)ߗ݀(ݐ

= 2ଵଶିఙ

ߪ)߁ + 12) ቐ
݃ଵ (ݔ, 0        , (ݐ < ݔ < ܽ
݃ଷ (ݔ, ܾ        , (ݐ < ݔ < ܿ
݃ହ (ݔ, ݀        , (ݐ < ݔ < ∞

  (૚૟) 

where S(x,t) is defined by equation (6). 
Now starting with equation (16), which can be written as 
׬ ଵ௔ߖ

଴ ,ߦ) ,ݔ)ܵ(ݐ ,ߦ (ߦ)ߗ݀(ݐ + ׬ ଶ௖ߖ
௕ ,ߦ) ,ݔ)ܵ(ݐ ,ߦ (ߦ)ߗ݀(ݐ + ׬ ଷஶߖ

ௗ ,ߦ) ,ݔ)ܵ(ݐ ,ߦ (ߦ)ߗ݀(ݐ =
ଶభమష഑

௰ቀఙାభ
మቁ.ቐ

,ݔ) ଵܩ 0        , (ݐ < ݔ < ܽ
,ݔ) ଶܩ ܾ        , (ݐ < ݔ < ܿ
,ݔ) ଷܩ ݀        , (ݐ < ݔ < ∞

 (17) 

where, 
,ݔ) ଵܩ (ݐ = ݃ଵ(ݔ, (ݐ − ׬ ଶఙ݃ଶ௕ߦ

௔ ,ߦ) ,ݔ)ܵ(ݐ ,ߦ (ߦ)݀(ݐ − ׬ ଶఙ݃ସௗߦ
௖ ,ߦ) ,ݔ)ܵ(ݐ ,ߦ  (18)(ߦ)݀(ݐ

with the help of equations (4), (7), we get ׬ ଵ௫ߖ
଴ ,ߦ) ഍మି݁ߦ(ݐ

ర೟݀ߦ 
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. න ଶߦ)(ݕ)ߟ − ଶݔ)ଶ)௠ିଵݕ − ݕଶ)జିఙା௠ିଵ݀ݕ
క

଴
+ න ଵߖ

௔

௫
,ߦ) కమି݁ߦ(ݐ

ସ௧  ߦ݀

. න ଶߦ)(ݕ)ߟ − ଶݔ)ଶ)௠ିଵݕ − ݕଶ)జିఙା௠ିଵ݀ݕ
௫

଴

= ߭)߁݉߁ − ߪ + ݉)
ܽ௡ ∗ ଵିଶజݔ ,ݔ)ଵܩ (ݐ − න ଶߖ

௖

௕
,ߦ) కమି݁ߦ(ݐ

ସ௧ .ߦ݀ න ଶߦ)(ݕ)ߟ − ଶݔ)ଶ)௠ିଵݕ − ݕଶ)జିఙା௠ିଵ݀ݕ
௫

଴
 

− න ଷߖ
ஶ

ௗ
,ߦ) కమି݁ߦ(ݐ

ସ௧  ߦ݀

. ׬ ଶߦ)(ݕ)ߟ − ଶݔ)ଶ)௠ିଵݕ − ௫ݕଶ)జିఙା௠ିଵ݀ݕ
଴ (19) 

Inverting the order of integration, we obtain 

න ଶݔ)(ݕ)ߟ − ݕଶ)జିఙା௠ିଵ݀ݕ
௫

଴
 

. න ,ߦ)ଵߖ కమି݁ߦ(ݐ
ସ௧ ଶߦ) − ߦଶ)௠ିଵ݀ݕ

௫

௔
 

+ න ଶݔ)(ݕ)ߟ − ݕଶ)జିఙା௠ିଵ݀ݕ
௫

଴
 

. න ,ߦ)ଵߖ కమି݁ߦ(ݐ
ସ௧ ଶߦ) − ߦଶ)௠ିଵ݀ݕ

௔

௫
 

= ߭)߁݉߁ − ߪ + ݉)
ܽ௡ ∗ ଵିଶజݔ ,ݔ)ଵܩ  (ݐ

− න ଶݔ)(ݕ)ߟ − ݕଶ)జିఙା௠ିଵ݀ݕ
௫

଴
 

. න ,ߦ)ଶߖ కమି݁ߦ(ݐ
ସ௧(ߦଶ −  ߦଶ)௠ିଵ݀ݕ

௖

௕
 

− න ଶݔ)(ݕ)ߟ − ݕଶ)జିఙା௠ିଵ݀ݕ
௫

଴
 

. ׬ ,ߦ)ଷߖ ഍మି݁ߦ(ݐ
ర೟(ߦଶ − ஶߦଶ)௠ିଵ݀ݕ

ௗ (20) 
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න (ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ ݕ݀ න ,ߦ)ଵߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݕ

௔

௬
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௫

଴
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ܽ௡ ∗ ଵିଶజݔ ,ݔ)ଵܩ (ݐ

− න (ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ ݕ݀ න ,ߦ)ଶߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݕ

௖

௕
ߦ݀

௫

଴
 

− න (ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ ݕ݀ න ,ߦ)ଷߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݕ

ஶ

ௗ
ߦ݀

௫

଴
(૛૚) 

If we assume ׬ అభ(క,௧)క௘ష഍మ
ర೟

(కమି௬మ)భష೘
௔

௬ ߦ݀ =  (22)                          (ݕ) ഥଵߖ

׬ అమ(క,௧)క௘ష഍మ
ర೟

(కమି௬మ)భష೘
௖

௬ ߦ݀ =  (23)(ݕ) ഥଶߖ

׬ అయ(క,௧)క௘ష഍మ
ర೟

(కమି௬మ)భష೘
ஶ

௬ ߦ݀ =  (24)(ݕ) ഥଷߖ
Then equation (21) can be rewritten as below: 

න (ݕ) ഥଵߖ(ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ ݕ݀ = ߭)߁݉߁ − ߪ + ݉)

ܽ௡ ∗ ଵିଶజݔ ,ݔ)ଵܩ (ݐ
௫

଴
 

− න (ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ ݕ݀ න ,ߦ)ଶߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݕ

௖

௕
ߦ݀

௫

଴
 

− න (ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ ݕ݀ න ,ߦ)ଷߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݕ

ஶ

ௗ
ߦ݀

௫

଴
 ,   

This is an Abel type integral equation and its solution, with the help of equation (12)is given by, 

(ݕ) ഥଵߖ(ݕ)ߟ = sin(1 − ߭ + ߪ − ߨ(݉
ߨ

݀
ݕ݀ න  ݔ2

ଶݕ) − ଶ)జାఙି௠ݔ

௬

଴
 

. ቈ߁݉߁(߭ − ߪ + ݉)
ܽ௡ ∗ ଵିଶజݔ   ,ݔ)ଵܩ (ݐ − න (ݖ)ߟ

ଶݔ) − ଶ)ଵିజାఙି௠ݕ ݖ݀ න ,ߦ)ଶߖ కమି݁ߦ(ݐ
ସ௧

ଶߦ) − ଶ)ଵି௠ݖ
௖

௕
ߦ݀

௫

଴

− න (ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ ݖ݀

௫

௢
 න ,ߦ)ଷߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݖ

ஶ

ௗ
቏ߦ݀  ݔ݀

Or,    
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(ݕ) ഥଵߖ(ݕ)ߟ = ܩ ′ଵ(ݕ, (ݐ

− sin(1 − ߭ + ߪ − ߨ(݉
ߨ ൥න ݖ݀(ݖ)ߟ ݀

ݕ݀
௔

଴
  න ݔ݀ݔ2

ଶݕ) − ଶݔ)ଶ)జାఙି௠ݔ − ଶ)ଵିజାఙି௠ݖ

௬

௭
න ,ߦ)ଶߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݖ

௖

௕
ߦ݀

+  ൥න ݖ݀(ݖ)ߟ ݀
ݕ݀

௫

଴
  න ݔ݀ݔ2

ଶݕ) − ଶݔ)ଶ)జାఙି௠ݔ − ଶ)ଵିజାఙି௠ݖ

௬

௭
 න ,ߦ)ଷߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݖ

ஶ

ௗ
 ቏ߦ݀

Where     (25) 
ܩ ′ଵ(ݕ, (ݐ = ୱ୧୬(ଵିజାఙି௠)గ

గ  ௰௠௰(జିఙା௠)
௔೙∗

ௗ
ௗ௬ ׬ ଶ௫మഔீభ(௫,௧)ௗ௫

(௬మି௫మ)ഔశ഑ష೘
௬

଴ (26) 
Inverting the order of integration in the II integral of R.H.S. in equation (24),we get, 

(ݕ) ഥଵߖ(ݕ)ߟ
= ܩ ′ଵ(ݕ, (ݐ − sin(1 − ߭ + ߪ − ߨ(݉

ߨ . ቎න ݖ݀(ݖ)ߟ ݀
ݕ݀

௬

଴
  න ݔ݀ݔ2

ଶݕ) − ଶݔ)ଶ)జାఙି௠ݔ − ଶ)ଵିజାఙି௠ݖ

௬

௭
. න ,ߦ)ଶߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݖ

௖

௕
ߦ݀

+ න ݖ݀(ݖ)ߟ ݀
ݕ݀

௬

଴
 

 න ݔ݀ݔ2
ଶݕ) − ଶݔ)ଶ)జାఙି௠ݔ − ଶ)ଵିజାఙି௠ݖ

௬

௭
න ,ߦ)ଷߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݖ

ஶ

ௗ
 ቏ߦ݀

                      (27)It can be easily proved that, 
ௗ

ௗ௬ ׬ ଶ௫ௗ௫
(௬మି௫మ)ഔష഑శ೘(௫మି௭మ)భషഔశ഑ష೘

௬
௔ = (௔మି௭మ)ഔష഑శ೘

(௬మି௭మ)(௬మି௔మ)ഔష഑శ೘                                                (28) 
and 
׬ ଶ௫ௗ௫

(௬మି௫మ)ഔష഑శ೘(௫మି௭మ)భషഔశ഑ష೘
௬

௭ =  గ
ୱ୧୬(ଵିజାఙି௠)గ                                                        (29) 

Now using the results (28) and (29) in equation (27),we obtain 

(ݕ) ഥଵߖ(ݕ)ߟ = ܩ ′ଵ(ݕ, .−(ݐ ቂ ௗ
ௗ௬ ׬ ௬ݖ݀(ݖ)ߟ

଴   ׬ అమ(క,௧)క௘ష഍మ
ర೟

(కమି௭మ)భష೘
௖

௕   +ߦ݀ ௗௗ௬ ׬ ݖ݀(ݖ)ߟ ׬ అయ(క,௧)క௘ష഍మ
ర೟

(కమି௭మ)భష೘
ஶ

ௗ ௬ߦ݀
଴ ൩        (30) 

Equations (22) and (23) are also Abel type integral equations. Therefore the solution of these equations are given by 
,ߦ)ଵߖ ഍మି݁ߦ(ݐ

ర೟ = ିୱ୧୬ (ଵି௠)గ
గ

ௗ
ௗక ׬ ଶ௬అഥభ (௬)ௗ௬

(௬మିకమ)೘
௔

క                                                     (31) 

,ߦ)ଶߖ ഍మି݁ߦ(ݐ
ర೟ =  − ୱ୧୬ (ଵି௠)గ

గ
ௗ

ௗక ׬ ଶ௬అഥమ (௬)ௗ௬ 
(௬మିకమ)೘

௖
క (32) 

,ߦ)ଷߖ ഍మି݁ߦ(ݐ
ర೟ =  − ୱ୧୬ (ଵି௠)గ

గ
ௗ

ௗక ׬ ଶ௬అഥయ (௬)ௗ௬ 
(௬మିకమ)೘

ஶ
క (33)      

 Therefore, 

׬ అభ(క,௧)క௘ష഍మ
ర೟

(కమି௭మ)భష೘ ௔ߦ݀
଴ = ୱ୧୬ (ଵି௠)గ

గ(௔మି௭మ)ష೘ ׬ ଶ௫అഥభ (௫)ௗ௫
௫మ೘(௫మି௭మ)

௔
଴ ׬ (34) అమ(క,௧)క௘ష഍మ

ర೟
(కమି௭మ)భష೘ ௖ߦ݀

௕ = ୱ୧୬ (ଵି௠)గ
గ(௕మି௭మ)ష೘ ׬ ଶ௫అഥమ (௫)ௗ௫

(௫మି௕మ)೘(௫మି௭మ)
௖

௕  
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(35) 

න ,ߦ)ଷߖ కమି݁ߦ(ݐ
ସ௧

ଶߦ) − ଶ)ଵି௠ݖ ߦ݀
ஶ

ௗ
= sin (1 − ߨ(݉

ଶ݀)ߨ − ଶ)ି௠ݖ න ݔ݀(ݔ) ഥଷߖݔ2
ଶݔ) − ݀ଶ)௠(ݔଶ−ݖଶ)

ஶ

ௗ
 

                                                            (36) 
Substituting the values from equations (33)and (34) in equation (30), and changing the order of integration we 
obtain 

(ݕ) ഥଵߖ(ݕ)ߟ  = ܩ ′ଵ(ݕ, (ݐ − න ݔ݀(ݔ) ഥଶߖݔ2
ଶݔ) − ܾଶ)௠

௖

௕
. 

൜ୱ୧୬ (ଵି௠)గ
గ

ௗ
ௗ௬ ׬  ఎ(௭)൫௕మି௭మ൯೘ௗ௭

(௫మି௭మ) ൠ௬
଴ ׬-  ଶ௫అഥయ (௫)ௗ௫

(௫మିௗమ)೘
ஶ

ௗ  

ቐsin (1 − ߨ(݉
ߨ

݀
ݕ݀ න ଶ݀)(ݖ)ߟ  − ݖଶ)௠݀ݖ

ቋ (ଶݖ−ଶݔ)
௬

଴
  

This equation takes the form 
(ݕ) ഥଵߖ(ݕ)ߟ  = ,ݕ)ଵ′ܨ (ݐ − ׬ ,ݔ)ଵܭ(ݔ) തതതଵ ߖ ௕(ݕ

௔ ݔ݀ − ׬ ,ݔ)ଶܭ(ݔ) ഥଶߖ ௗ(ݕ
௖ , ݔ݀ ܽ < ݔ < ܾ(37) 

where, ܭଵ(ݔ, (ݕ = ୱ୧୬(ଵି௠)గ
గ . 

ଶ௫
(௫మି௕మ)೘

ௗ
ௗ௬ ׬ ఎ(௭)൫௕మି௭మ൯೘

(௫మି௭మ)
௬

଴  (38)                                            ݖ݀ 

,ݔ)ଶܭ (ݕ = sin(1 − ߨ(݉
ߨ

ݔ2
ଶݔ) − ݀ଶ)௠

݀
ݕ݀ න ଶ݀)(ݖ)ߟ − ଶ)௠ݖ

(ଶݖ−ଶݔ)
௬

଴
 ݖ݀ 

                                                                                  (39) 
Now starting with equation (16) 

න ଵߖ
௔

଴
,ߦ) ,ݔ)కܵ(ݐ ,ߦ (ߦ)ߗ݀(ݐ + න ଶߖ

௫

௕
,ߦ) ,ݔ)కܵ(ݐ ,ߦ (ߦ)ߗ݀(ݐ + න ଶߖ

௖

௫
,ߦ) ,ݔ)௫ܵ(ݐ ,ߦ (ߦ)ߗ݀(ݐ

+ න ଷߖ
ஶ

ௗ
,ߦ) ,ݔ)௫ܵ(ݐ ,ߦ  (ߦ)ߗ݀(ݐ

 = ଶభమష഑
௰ቀఙାభ

మቁ ,ݔ)ଶܩ ,   (ݐ ܾ < ݔ < ܿ                             (40)with the help of equations (4) and (7),we get 

න ,ߦ)ଶߖ కమି݁ߦ(ݐ
ସ௧ ߦ݀

௫

௕
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න ଶߦ)(ݕ)ߟ − ଶ)௠ିଵݕ
క

଴
ଶݔ) − ݕଶ)జିఙା௠ିଵ݀ݕ + න ,ߦ)ଶߖ కమି݁ߦ(ݐ

ସ௧ ߦ݀
௖

௫
 

න ଶߦ)(ݕ)ߟ − ଶ)௠ିଵݕ
௫

଴
ଶݔ) −  ݕଶ)జିఙା௠ିଵ݀ݕ

= Г݉Г(߭ − ߪ + ݉)
ܽ ∗ ଵିଶఔݔ ,ݔ) ଶܩ (ݐ − න ,ߦ)ଵߖ కమି݁ߦ(ݐ

ସ௧݀ߦ
௔

଴
 

׬.  ଶߦ)(ݕ)ߟ − ଶ)௠ିଵకݕ
଴ ଶݔ) −  ݕଶ)జିఙା௠ିଵ݀ݕ

− න ,ߦ)ଷߖ కమି݁ߦ(ݐ
ସ௧ ߦ݀

ஶ

ௗ
 

׬ ଶߦ)(ݕ)ߟ − ଶ)௠ିଵ௫ݕ
଴ ଶݔ) −  (41)  ݕଶ)జିఙା௠ିଵ݀ݕ

Now inverting the order of integration, we obtain, 

න ଶݔ)(ݕ)ߟ − ݕଶ)జିఙା௠ିଵ݀ݕ
௕

଴
 

. න ,ߦ)ଶߖ కమି݁ߦ(ݐ
ସ௧

௫

௕
ଶߦ) −  ߦଶ)௠ିଵ݀ݕ

+ න ଶݔ)(ݕ)ߟ − ݕଶ)జିఙା௠ିଵ݀ݕ
௫

௕
 

. න ,ߦ)ଶߖ కమି݁ߦ(ݐ
ସ௧

௫

௬
ଶߦ) −  ߦଶ)௠ିଵ݀ݕ

+ න ଶݔ)(ݕ)ߟ − ݕଶ)జିఙା௠ିଵ݀ݕ
௫

଴
 

. න ,ߦ)ଶߖ కమି݁ߦ(ݐ
ସ௧

௖

௫
ଶߦ) −  ߦଶ)௠ିଵ݀ݕ

= Г݉Г(߭ − ߪ + ݉)
ܽ ∗ ଵିଶఔݔ ,ݔ) ଶܩ (ݐ − 

න ଶݔ)(ݕ)ߟ − ݕଶ)జିఙା௠ିଵ݀ݕ
௔

଴
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. න Ψଵ(ߦ, కమି݁ߦ(ݐ
ସ௧

௔

௬
ଶߦ) −  ߦଶ)௠ିଵ݀ݕ

− න ଶݔ)(ݕ)ߟ − ݕଶ)జିఙା௠ିଵ݀ݕ
௫

଴
 

. ׬ ,ߦ)ଷߖ ഍మି݁ߦ(ݐ
ర೟ஶ

ௗ ଶߦ) −  (42)ߦଶ)௠ିଵ݀ݕ
Or 

න ݕ݀(ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ

௫

௕
න ,ߦ)ଶߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݕ

௫

௬
=   ߦ݀ Г݉Г(߭ − ߪ + ݉)

ܽ ∗ ଵିଶఔݔ ,ݔ) ଶܩ  (ݐ

− න ݕ݀(ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ

௔

଴
න ,ߦ)ଵߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݕ

௫

௬
ߦ݀ − න ݕ݀(ݕ)ߟ

ଶݔ) − ଶ)ଵିజାఙି௠ݕ
௕

଴
න ,ߦ)ଶߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݕ

௖

௕
 ߦ݀

− න ݕ݀(ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ

௫

଴
න ,ߦ)ଷߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݕ

ஶ

ௗ
 (૝૜)                   ߦ݀

Using equations (22) and (23), then equation (43) can be rewritten as below: 

න ݕ݀(ݕ) ഥଶߖ(ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ

௫

௕
= Г݉Г(߭ − ߪ + ݉)

ܽ ∗ ଵିଶఔݔ ,ݔ) ଶܩ (ݐ − 

න ݕ݀(ݕ) ഥଵߖ(ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ

௔

଴
− න ,ߦ)ଶߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݕ

௖

௕
 ߦ݀

න ݕ݀(ݕ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݕ

௕

଴
− න ݕ݀(ݕ)ߟ

ଶݔ) − ଶ)ଵିజାఙି௠ݕ
௫

଴
 

. න ,ߦ)ଷߖ కమି݁ߦ(ݐ
ସ௧

ଶߦ) − ଶ)ଵି௠ݕ
ஶ

ௗ
,        ߦ݀ ܿ < ݔ < ݀ 

This is an Abel type integral equation and its solution,with the help of equation (12) is given by 

(ݕ) ഥଶߖ(ݕ)ߟ = sin(1 − ߭ + ߪ − ݉) ߨ
ߨ

݀
ݕ݀ න ݔ2

ଶݕ) − ଶ)జିఙା௠ݔ

௬

௕
. 
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ቈГ݉Г(߭ − ߪ + ݉)
ܽ ∗ ଵିଶఔݔ   ,ݔ) ଶܩ (ݐ − න ݖ݀(ݖ) ഥଵߖ(ݖ)ߟ

ଶݔ) − ଶ)ଵିజାఙି௠ݖ
௔

଴
− න ,ߦ)ଶߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݖ

௖

௕
.ߦ݀ න ݖ݀(ݖ)ߟ

ଶݔ) − ଶ)ଵିజାఙି௠ݖ
௕

଴

− න ݖ݀(ݖ)ߟ
ଶݔ) − ଶ)ଵିజାఙି௠ݖ

௫

଴
 න ,ߦ)ଷߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݖ

ஶ

ௗ
቏ߦ݀  ݔ݀

Or, 

(ݕ) ഥଶߖ(ݕ)ߟ = ܩ ′ଶ(ݕ, (ݐ − sin(1 − ߭ + ߪ − ݉) ߨ
ߨ ൥න ݖ݀(ݖ)ߟ

௔

଴
  . ݀

ݕ݀ න ݔ݀ (ݖ) ഥଵߖݔ2
ଶݕ) − ଶݔ)ଶ)జିఙା௠ݔ − ଶ)ଵିజିఙା௠ݖ

௬

௕
 

+ ׬ . ݖ݀(ݖ)ߟ ௗ
ௗ௬ ׬ ଶ௫ௗ௫

(௬మି௫మ)ഔష഑శ೘(௫మି௭మ)భషഔష഑శ೘
௬

௕
௕

଴ ׬ అమ(క,௧)క௘ష഍మ
ర೟

(కమି௭మ)భష೘
௖

௕ +ߦ݀
׬ . ݖ݀(ݖ)ߟ ௗ

ௗ௬ ׬ ଶ௫ௗ௫
(௬మି௫మ)ഔష഑శ೘(௫మି௭మ)భషഔష഑శ೘

௬
௕  .௕

଴ ׬ అయ(క,௧)క௘ష഍మ
ర೟

(కమି௭మ)భష೘
ஶ

ௗ +ߦ݀
ௗ

ௗ௬ ׬ ݖ݀(ݖ)ߟ ׬ ଶ௫ௗ௫
(௬మି௫మ)ഔష഑శ೘(௫మି௭మ)భషഔష഑శ೘

௬
௭  .௬

௕ ׬ అయ(క,௧)క௘ష഍మ
ర೟

(కమି௭మ)భష೘
ஶ

ௗ  (44)                                           [ߦ݀ 
where, 
ܩ ′ଶ(ݕ, (ݐ = ୱ୧୬(ଵିజାఙି௠)గ

గ  . Г௠Г(జିఙା௠)
௔∗ . ௗ

ௗ௬ ׬ ଶ௫మഔீమ(௫,௧)
(௬మି௫మ)ഔష഑శ೘

௬
௕              ݔ݀

Using the equations (28) and (29) in equation (44),we obtain 

(ݕ) ഥଶߖ(ݕ)ߟ = ܩ ′ଶ(ݕ, (ݐ − sin(1 − ߭ + ߪ − ݉) ߨ
ߨ ൥න ଶܾ)(ݖ)ߟ − ݖଶ)జିఙା௠݀ݖ

ଶݕ) − ܾଶ)జିఙା௠(ݕଶ − (ଶݖ
௔

଴
  

. න ,ߦ)ଵߖ కమି݁ߦ(ݐ
ସ௧

ଶߦ) − ଶ)ଵି௠ݖ
௔

௭
ߦ݀ + න ଶܾ)(ݖ)ߟ − ݖଶ)జିఙା௠݀ݖ

ଶݕ) − ܾଶ)జିఙା௠(ݕଶ − (ଶݖ
௕

଴
. න ,ߦ)ଶߖ కమି݁ߦ(ݐ

ସ௧
ଶߦ) − ଶ)ଵି௠ݖ

௖

௕
 ߦ݀

+ ׬ ఎ(௭)൫௕మି௭మ൯ഔష഑శ೘ௗ௭
(௬మି௕మ)ഔష഑శ೘(௬మି௭మ)

௕
଴ . ׬  అయ(క,௧)క௘ష഍మ

ర೟
(కమି௭మ)భష೘

ஶ
ௗ ߦ݀ + గ

ୱ୧୬(ଵିజାఙି௠)గ
ௗ

ௗ௬ ׬ ݖ݀(ݖ)ߟ ׬ అయ(క,௧)క௘ష഍మ
ర೟

(కమି௭మ)భష೘
ஶ

ௗ ௬ߦ݀
௕ ൩         (46) 

Making use of equations (31) to (36) in equation (46), we obtain 
(ݕ) ഥଶߖ(ݕ)ߟ = ܩ ′ଶ(ݕ, (ݐ − ୱ୧୬(ଵିజାఙି௠)గ ୱ୧୬(ଵି௠)గ

గమ .൤׬ ఎ(௭)൫௕మି௭మ൯ഔష഑శమ೘ௗ௭
(௬మି௕మ)ഔష഑శ೘(௬మି௭మ)

௕
଴   . ׬ ଶ௫అഥమ (௫)ௗ௫

(௫మି௕మ)೘(௫మି௭మ)
௖

௕  

− ׬ ఎ(௭)൫௕మି௭మ൯ഔష഑శ೘ௗ௭
(௬మି௕మ)ഔష഑శ೘(௬మି௭మ)

௔
଴ . ׬ ଵ

(కమି௭మ)భష೘
௔

௭ ቄ ௗ
ௗక ׬ ଶ௫అഥభ (௫)ௗ௫

(௫మିకమ)೘
௔

క ቅ + ׬ ఎ(௭)൫௕మି௭మ൯ഔష഑శ೘ௗ௭
(௬మି௕మ)ഔష഑శ೘(௬మି௭మ)(ௗమି௭మ)ష೘

௕
଴ . 

න ݔ݀(ݔ) ഥଷߖݔ2
ଶݔ) − ݀ଶ)௠(ݔଶ − (ଶݖ

ஶ

ௗ
+ ߨ

sin(1 − ߭ + ߪ − ݉)  ߨ

 . ௗ
ௗ௬ ׬ ఎ(௭)ௗ௭

(ௗమି௭మ)ష೘
௬

௕ ׬ ଶ௫అഥయ (௫)ௗ௫
(௫మିௗమ)೘(௫మି௭మ)

ஶ
ௗ ቃ                                                                                           (47) 

Changing the order of integration and using Leibnitz theorem, we find 
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(ݕ) ഥଶߖ(ݕ)ߟ = ܩ ′ଶ(ݕ, (ݐ − sin(1 − ߭ + ߪ − ݉) ߨ sin(1 − ߨ(݉
ଶߨ  

൥න ݔ݀(ݔ) ഥଶߖݔ2
ଶݔ) − ܾଶ)௠(ݕଶ − ܾଶ)జିఙା௠

௖

௕
  න ଶܾ)(ݖ)ߟ − ݖଶ)జିఙାଶ௠݀ݖ

ଶݕ) − ଶݔ)(ଶݖ − (ଶݖ
௕

଴
− 

. 1
݉ିଵ න ଶܾ)(ݖ)ߟ − ݖଶ)జିఙା௠݀ݖ

ଶݕ) − ܾଶ)జିఙା௠(ݕଶ − (ଶݖ
௔

଴
. න ߦ݀

ଶߦ) − ଶ)ଵି௠ݖ
௔

௭
 

. න ݔ݀(ݔ) ഥଵߖݔ2 ߦ2
ଶݔ) − ଶ)ଵା௠ߦ

௔

క
+ න ݔ݀(ݔ) ഥଷߖݔ2

ଶݔ) − ݀ଶ)௠(ݕଶ − ܾଶ)జିఙା௠
ஶ

ௗ
. 

 න ଶܾ)(ݖ)ߟ − ଶ)జିఙା௠(݀ଶݖ − ݖଶ)௠݀ݖ
ଶݕ) − ଶݔ)(ଶݖ − (ଶݖ

௕

଴
቏ 

 The above equation takes the form, 

(ݕ) ഥଶ∅(ݕ)ߟ = ,ݕ)ଶ′ܨ (ݐ − න ∅ഥଵ (ݔ)ܵ(ݔ, ݔ݀(ݕ −
௕

௔
 

න ∅ഥଶ (ݔ)ܴ(ݔ, ݔ݀(ݕ
ௗ

௖
 

                     ܿ < ݔ <   ݀(46) 
where, 

S(x, y) = sin(1 − ߭ + ߪ − ݉) ߨ sin(1 − ߨ(݉
ଶݕ)ଶߨ − ܿଶ)జିఙା௠ ൤ ݔ2

ଶݔ) − ܽଶ)௠   න ଶܿ)(ݖ)ߟ − ଶ)జିఙା௠(ܽଶݖ − ݖଶ)௠݀ݖ
ଶݕ) − ଶݔ)(ଶݖ − (ଶݖ

௔

଴
 

− ଵ
௠షభ ׬ ଶకௗక

(௫మିకమ)భశ೘
௫

௔ ׬  ఎ(௭)൫௖మି௭మ൯ഔష഑శ೘ௗ௭
(కమି௭మ)భష೘(௬మି௭మ)

క
௔ ൨(47) 

And 
R(x, y) = 

ୱ୧୬(ଵିజାఙି௠)గ ୱ୧ (ଵି௠)గ
గమ(௬మି௖మ)ഔష഑శ೘

ଶ௫
(௫మି௖మ)೘ ׬ ఎ(௭)൫௖మି௭మ൯ഔష഑శమ೘ௗ௭

(௬మି௭మ)(௫మି௭మ)
௖

଴ (48) 
Equations(34) and (46) are simultaneous Fredholm integral equations of the second kind.With the help of these 
equations we can calculate the values of ∅ഥଵ (ݕ)and ∅ഥଶ (ݕ). Thenusing equations (30) and (31),we can calculate the 
values of ∅ଵ(ߦ, ,ߦ)and∅ଶ(ݐ  .௡  can be determined by equation (15)ܣ After these calculations.(ݐ

II. CONCLUSIONS 
 

Whend → ∞ , then above equations reduce to quadruple series equations and our solution agrees with that obtained 
in [4].When d → ∞and c → d ,the series reduces to triple series equations and solution obtained here agrees with[3]. 



Intl J Engg. Sci Adv Research 2018 December; 4 (4):19-38                                              ISSN NO: 2395-0730 
 

REFERENCES 
 
[1] R.S. Pathak,, Dual series equations involving heat polynomials, Indag.Math,vol.41,pp. 456-463, 1979 , 
[2] J.C. Cooke, ,  The solution of triple and quadruple integral equations and Fourier, series equations, Quart . J . 

Mech. Appl.Math., vol.45, pp.247-263,1992. 
[3] Gunjan Shukla, , K.C. Tripathi., Triple simultaneous Fourier series equations  involving heat polynomials ,Int. 

J. Sc .Res vol.3(12), pp. 965-970,2014. 
[4] Gunjan Shukla, , K.C. Tripathi. , Quadruple simultaneous Fourier series equations involving heat polynomials  

, Int.J.Sc.Res.vol.4(1),pp. ,147-155,2015 
[5] A.P. Dwivedi., J . Chandel & Tarannum Siddiqi ,  Family of triple and quadruple series equations involving 

heat polynomials, Ganita, vol. 52 ,pp.43-53,2001. 
[6] Indu Shukla, A.P. Dwivedi V. Upadhyay. ,Five series equation involving heat polynomials  ,VSRD Int.Res.J. 

vol.8, pp.29-36, 2017. 
 


